SPRAYS METRIZABLE BY FINSLER FUNCTIONS OF 
CONSTANT FLAG CURVATURE 



IOAN BUCATARU AND ZOLTAN MUZSNAY 



Abstract. In this paper we characterize sprays that are metrizable by Finsler 
functions of constant flag curvature. By solving a particular case of the Finsler 
metrizability problem we provide the necessary and sufficient conditions that 
can be used to decide whether or not a given homogeneous system of second 
order ordinary differential equations represents the Euler-Lagrangc equations 
of a Finsler function of constant flag curvature. The conditions we provide 
are tensorial equations on the Jacobi endomorphism. We identify the class 
of homogeneous SODE where the Finsler metrizability is equivalent with the 
metrizability by a Finsler function of constant flag curvature. 



1. Introduction 

The inverse problem of Lagrangian mechanics can be formulated as follows: de- 
cide whether or not a given system of second order ordinary differential equa- 
tions (SODE) coincides with the Euler-Lagrange equations of some Lagrangian, 
El HU Q21 [III [TO]. When the given system of SODE is homogeneous and the 
Lagrangian to search for is the square of a Finsler function, the problem is known 
as the Finsler metrizability problem, [5J HH [TBI [23] ■ If the sought after Lagrangian 
is a Finsler function, the problem is known as the projective metrizability problem, 
or as the Finslerian version of Hilbert's fourth problem, [U [3 [9j Il"0]l2"4"]. 

In this paper we address the special case of the Finsler metrizability problem, 
where the Finsler function we seek for has constant curvature. When the spray has 
zero constant curvature, then there is no obstruction for the existence of a locally 
defined Finsler structure that metricizes the given spray, [3 [9l [18] . Therefore, in 
this work we will focus on the case when the curvature is non-zero. 

In Theorem 14. 1\ we solve the above mentioned problem by providing a set of 
equations, which contains an algebraic equation A) and two tensorial differential 
equations Di) and D2) in (|4. 1[> . which have to be satisfied by the Jacobi endo- 
morphism. One of these two tensorial equations restricts the class of homogeneous 
SODE (sprays), which we discuss, to the class of isotropic sprays. Therefore, we 
focus our attention on isotropic sprays and their relation with the Finsler metriz- 
ability problem. In Theorem 14. 2 [ we characterize the class of isotropic sprays S for 
which the following conditions are equivalent: 

• S is Finsler metrizable, 

• S is metrizable by a Finsler metric of scalar flag curvature; 

• S is Finsler metrizable by an Einstein metric; 
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• S is metrizable by a Finsler metric of constant flag curvature; 

• S is Ricci constant. 

If the Finsler function is reducible to a Riemannian metric, the equivalence of the 
above conditions, on manifolds of dimension grater than or equal to three, is always 
true for affine isotropic sprays, and it is not true in the general Finslerian context. 
Therefore, Theorem l4.2l identifies the class of isotropic sprays where this equivalence 
is still true. The last condition is a technical one, can be checked very easily, and 
it is common for both Theorems 14.11 and 14.21 Theorem 14.11 has the advantage 
of being true for spray spaces of dimension grater than or equal to two and it 
has the disadvantage of disregarding Finsler metrizable sprays of non-constant flag 
curvature. The main advantage of Theorem 14.21 is that it treats sprays for which 
the Finsler metrizability is equivalent with the metrizability by a Finsler metric 
of constant non-zero flag curvature. The key ingredient in proving Theorem 14. 21 is 
the Finslerian version of Schur's Lemma, |4l Lemma 3.10.2], which is true only for 
spray spaces of dimension grater than or equal to three. 

Since any spray on a two-dimension manifold is isotropic, one of the two equa- 
tions (14.11) in Theorem 14.11 simplify. In Theorem 14.31 we provide necessary and 
sufficient conditions for the metrizability of a two-dimensional spray space by a 
Finsler function of constant (Gaussian) curvature. 

To support our results, in the last section, we consider various examples of 
isotropic sprays that satisfy, or not, one or more of the necessary and sufficient 
conditions, which we provide, for Finsler metrizability. 



2. Sprays and their geometric setting 

The natural geometric framework for studying systems of second order ordinary 
differential equations is the tangent bundle of some configuration manifold. 

In this work, M denotes a C°°-smooth, real, and n-dimcnsional manifold. We 
will denote by TM its tangent bundle and by T Q M = TM \ {0} the tangent bundle 
with the zero section removed. Local coordinate charts (U, (x 1 )) on M induce local 
coordinate charts (7r -1 (l7), (x l ,y 1 )) on TM, where it : TM — »■ M is the canonical 
submersion. We will assume that M is a connected manifold of dimension n > 2. 
Therefore, TM and TqM are 2n-dimensional connected manifolds. 

In this section we discuss the natural geometric setting determined by a spray 
S, which includes canonical nonlinear connection, dynamical covariant derivative 
and curvature tensors. This setting, as well as the proofs of our results in the 
next sections, are based on the Frolicher-Nijenhuis theory and the corresponding 
differential calculus that can be developed on TM, [Til 031 E2]- There are two 
canonical structures on TM, which we will use to develop our setting. One is the 
tangent structure, J, and the other one is the Liouville vector fiels, C, locally given 

by 

J = jri® dx > c = ^Vt 

oy oy 



A system of homogeneous second order ordinary differential equations on a man- 
ifold M , whose coefficients do not depend explicitly on time, can be identified with 
a special vector field on T M that is called a spray. A vector field S 6 X(T M) is 
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called a spray if JS = C and [C, S] = S. Locally, a spray S is given by 

where functions G l {x,y) are smooth functions on domains of induced coordinates 
on TqM and 2-homogeneous with respect to the y- variable. 

It is well known that a spray induces a nonlinear connection, with the corre- 
sponding projectors h and v given by 

h=^(U-£ s J), v = ^(U+£ s J). 

An important geometric structure induced by a spray is the Jacobi endomorphism, 
which is the vector valued semi-basic 1-form given by 

$ = v o L s h = Lsh o h. 

Locally, the Jacobi endomorphism, is given by 

. . ^ . d , , / dG l „/<9G 4 \ dG l dG r \ d 

(2.2) $ = R)—-®dx 3 = 2— -£ — . - — — ■ — ®dx>. 

J ay 1 \ ox 3 \ ay 1 J oy r oyi J ay 1 

We consider also the Ricci curvature, Ric, and the Ricci scalar, R, [5], [3TJ Def. 
8.1.7], which are given by 

(2.3) Ric = (n - 1)R = R\ = Tr($). 

For a spray S, we consider the map V : X(T M) — > X(T M), given by [5] 

(2.4) V = C s + hoC s h + vojC s v. 

We require that the action of V on scalar functions is given by V/ = S(f), for / £ 
C°°(TqM). Further requirements that V satisfies the Leibnitz rule and commutes 
with contractions allow us to extend its action to arbitrary tensor fields on TqM. 
We will refer to V as to the dynamical covariant derivative induced by the spray 
S. Its action on semi-basic forms was called the semi-basic derivation and studied, 
in connection with the inverse problem of the calculus of variation, in [TT] . 

Definition 2.1. We say that a spray S is isotropic if its Jacobi endomorphism has 
the form, 

(2.5) $ = i?J-a®C, 

where R G C°°(TqM) is the Ricci scalar and a is a semi-basic 1-form on TqM . 
A spray S is called 

i) Ricci- constant if dtR = 0, 

ii) weakly Ricci- constant if S{R) = 0. 

It is easy to see that if a spray S is Ricci constant, then it is also weakly Ricci 
constant. Indeed, for a Ricci constant spray S, it follows that the Ricci scalar 
satisfies d^R — 0. Using the corresponding commutation formula, we obtain 

= i s d h R = -d h i s R + C hs R + i\h,s)R = S(R), 

and hence the spray S is weakly Ricci constant. 

For an isotropic spray S, due to the homogeneity condition, it follows that 
= $(5) = (R — isa)C on T M and hence R = isa. Isotropic sprays can be 
characterized using the Weyl curvature, see Prop. 13.4.1 in [21]. The semi- basic 
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vector valued 1-form $ is 2-homogeneous, which means $ = [C, $]. For an isotropic 
spray S, we have 

$ = [C, $] = [C, RJ] - [C, a ® C] = (C(i?) -R)J-C c a® C, 

which implies C(i?) = 2i? and = a - Therefore, the Ricci curvature ffic and 
the Ricci scalar i? are 2-homogeneous, while the 1-form a is 1-homogeneous. 

Lemma 2.2. Consider S an isotropic spray, whose Jacobi endomorphism is given 
by formula (|2.5p . The following two conditions are equivalent 

i) dja = 0, 

ii) djR = 2a. 

Proof. Using the fact that R = iga and the commutation rules, it follows 

(2.6) djR = dji s a = -i s dja + C js a + i[j,s] a = -isdja + 2a. 

In the above equations, we have used that [J, S] = h — v and since a is a semi-basic 
1-form, it follows that i\j t s]Ct — ihOL = a. Therefore, the assumption dja = 
implies that djR = 2a. The other implication is straightforward, using the fact 
that the tangent structure J is integrable, and hence d 2 = 0. □ 

It is known that the projective deformations of a spray preserves the class of 
isotropic sprays. These deformations may preserve or not the condition dja = 0. 
In subsection 15.11 we provide examples of isotropic sprays such that dja ^ 0. See 
formula (|5.ip for a convenient choice of a 1-homogeneous function P £ C°° (TqM). 

3. FlNSLER METRIZABLE SPRAYS 

In this section we recall the notion of a Finsler space and its geodesic spray. We 
will focus our discussions on Finsler spaces of scalar flag curvature. 

Definition 3.1. By a Finsler function we mean a continuous function F : TM — > R 
satisfying the following conditions: 

i) F is smooth and strictly positive on TqM; 

ii) F is positively homogeneous of order 1, which means that F(x,Xy) — 
XF(x, y), for all A > and (x, y) G TM; 

iii) The metric tensor with components 

1 d 2 F 2 

(3.1) gij(x, y) = - q iQ j has rank n on T M. 

The above conditions of Definition 13.11 imply that the metric tensor gty of a 
Finsler function is positive definite on TqM, see [16]. Some relaxations of the 
above conditions, which lead to the notion of conic pseudo- Finsler metric, were 
proposed in [TJ]. See also [21 §1-1.2, §1.2.1] for more discussions about the regularity 
conditions and their relaxation for a Finsler function. In subsection 15.41 we will 
discuss an example of a spray metrizable by such a conic pseudo-Finsler function. 

A Finsler function is reducible to a Riemannian metric if the metric tensor gij in 
formula (|3.ip does not depend on the fibre coordinates y. If gij{x) is a Riemannian 
metric on M, then F : TM — > K, F(x, y) = y ' gij{x)y l y : > is a Finsler function. 

The regularity condition iii) of Definition 13.11 is equivalent to the fact that the 
Poincare-Cartan 2-form of F 2 , lj F 2 = —ddjF 2 , is non-degenerate and hence it is a 
symplectic structure. Therefore, the equation 

(3.2) isddjF 2 = -dF 2 
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uniquely determine a vector field S on To M, which is called the geodesic spray 
of the Finsler function. In this work we will use more frequently, the equation 
CsdjF 2 = dF 2 , which is equivalent to equation (|3.2[) . 

Definition 3.2. A spray S £ X(TqM) is called Finsler metrizable if there exists a 
Finsler function F that satisfies the equation (|3.2j) . 

Necessary and sufficient criteria for the Finsler metrizability problem for a spray 
S were formulated in |18] using the holonomy distribution %s- Also, such necessary 
and sufficient conditions were formulated in terms of a semi-basic 1-form in [6] . We 
will use these conditions in the next section to discuss the Finsler metrizability 
problem of a particular class of isotropic sprays. 

Definition 3.3. Consider F a Finsler function and $ the Jacobi endomorphism of 
its geodesic spray S. 

i) F is said to be of scalar (constant) flag curvature if there exists a scalar 
function (constant) k on TqM , such that 



ii) F is called an Einstein metric if there exists a function A £ C°° (M) such 
that the Ricci scalar satisfies R(x,y) = X(x)F 2 (x,y). 

The notion of flag curvature extends to the Finslerian setting the concept of 
sectional curvature from the Riemannian setting. 

Remark 3.4. If a Finsler function F is reducible to a Riemannian metric g on a 
manifold of dimension grater than or equal to three, and S is its geodesic spray, 
then the following conditions are equivalent, see [211 §13-4]: 

i) S is isotropic; 

ii) g is of scalar curvature; 

iii) g is of constant curvature. 

In the general Finslerian context, conditions ii) and iii) above are not equivalent 
anymore. In the next section, we provide the necessary and sufficient condition 
for an isotropic geodesic spray such that this equivalence remains true. See the 
equivalence of the conditions of Theorem 14.21 



In this section we use the necessary and sufficient conditions, expressed in terms 
of a semi-basic 1-form, which were formulated in j6[ Thm. 5.4], to discuss the 
Finsler metrizability problem for some classes of isotropic sprays. 

4.1. Sprays metrizable by Finsler functions of constant curvature. In the 

next theorem we provide the necessary and sufficient conditions one has to check if 
we want to decide if a spray is metrizable by a Finsler function of non-zero constant 
curvature. 

Theorem 4.1. Consider S a spray with non-vanishing Ricci curvature. The spray 
S is metrizable by a Finsler function of non-zero constant flag curvature if and only 
if its Jacobi endomorphism satisfies the following equations: 



(3.3) 




4. Finsler metrizable isotropic sprays 



(4.1) 



A) rankddj(Tr$) = 2n 

Di) 2(n-l)$-2(Tr$)J + dj(Tr$)®C = 0; 
D 2 ) rf h (Tr$)=0. 
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Proof. Consider S a spray with non-vanishing Ricci curvature. We assume that 
its Jacobi endomorphism, <£>, satisfies the algebraic assumption A) as well as the 
two tensorial equations (|4.1[) . Since $ satisfies Di), it follows that the the Jacobi 
endomorphism is given by formula (I2.5|) . where 2(n — l)a = (n— l)djR = dj (Tr $). 
Therefore the spray S is isotropic and satisfies the condition dja = 0. 

Due to condition D2), we have that S is Ricci constant and, as we have seen 
already, it follows that the spray S is weakly Ricci constant. 

Using the fact that 2a = djR we obtain 

(4.2) 2C s a = C s djR = d [SJ] R + djC s R = d v R = dR. 

Within the assumption that the Ricci curvature does not vanish on TqM , we may 
consider the function F > such that F 2 = sign(i?)i? > on TqM. Since 
ddj(Tr$) = (n — l)ddjR = (n — l)ddjF 2 , the assumption A) assures that F 
is a Finsler function. The condition 2a = djR reads now 2a — djF 2 and using 
formula (|4.2|) we obtain C$djF 2 = dF 2 , which means that S is the geodesic spray 
of the Finsler function F. 

We replace Tr$ = (n - l)F 2 = {n- l)R ={n- l)i s a and dj(Tr$) = 2(n - 
l)FdjF — 2(n — 1)q = (n — l)djR in the expression for $ and obtain formula 
(|3.3p for k — sign(i?). It follows that spray S is Finsler metrizable by the Finsler 
function F of constant curvature n — sign(i?) . 

Conversely, if the spray S is Finsler metrizable by a Finsler function of non-zero 
constant flag curvature then its Jacobi endomorphism is given by formula (|3.3[) . It 
is a straightforward computation to see that $ satisfies all three conditions A), Di) 
and D 2 ) in JO}. □ 

The algebraic condition A) assures the regularity condition for the sought af- 
ter Finsler function. Condition D\) is equivalent to the fact that the spray S is 
isotropic, its Jacobi endomorphism is given by formula (|2.5|) . where 2(n — l)a = 
dj(Tr&) and hence satisfies the condition dja = 0. Condition D2) says that the 
spray S is Ricci constant. 

Conditions Di) and D2) in (|4.1[) are very useful to decide whether or not a given 
spray is metrizable by a Finsler function of non-zero constant curvature. However, 
there are metrizable sprays by Finsler functions of non-constant flag curvature, and 
hence where conditions D\) and D2) cannot be used. See the example in subsection 
15.21 In Theorem 14.21 we will strengthen the result of Theorem 14.11 by limiting our 
discussion to the case where Finsler metrizability is equivalent to the metrizability 
by a Finsler function of constant curvature. In this discussion, we use the Finslerian 
version of Schur's Lemma, [4j Lemma 3.10.2]. Therefore, we will have to limit our 
considerations to the case where dim M > 3. The case dimM = 2 will be treated 
separately. 

4.2. dim M > 3. Consider S an isotropic spray, whose Jacobi endomorphism is 
given by formula (|2.5p . In the next theorem we will see that the condition dja = 
is the best we can require to make sure that the three equivalent conditions in 
Remark 13.41 are also true in the Finslerian context. We add two more conditions, 
the last one is condition D2) in Theorem 14. II 

Theorem 4.2. Consider S a spray of non-vanishing Ricci curvature. Then, the 
spray is isotropic, satisfies the algebraic condition A), and the condition dja = 0, 
if and only if the following five conditions are equivalent: 



SPRAYS METRIZABLE BY FINSLER FUNCTIONS OF CONSTANT FLAG CURVATURE 7 

i) S is Finsler metrizable; 

ii) S is metrizable by a Finsler metric of non-vanishing scalar flag curvature; 

iii) S is Finsler metrizable by an Einstein metric; 

iv) S is metrizable by a Finsler metric of non-zero constant flag curvature; 

v) S is Ricci constant. 

Proof. We assume that the spray is isotropic, satisfies the algebraic condition A), 
and the condition dja = 0. Within these assumptions, we will prove the following 
implications i) ==> ii) => iii) ==> iv) ==>■ v) ==> i). For some of these implications 
we will not need the condition dja — 0. More exactly, we will use it for the 
implications ii) => iii), iii) iv), and v) =>• i). Also, the assumption dimM > 
3 will be needed only for the implication iii) iv). 

In order to prove that condition i) implies condition ii) we assume that the 
spray S is Finsler metrizable. We will prove that the corresponding Finsler space 
has scalar flag curvature. This result coincides with Lemma 8.2.2 in [21] , where 
the proof uses different (local) techniques. Our proof is based on the differential 
calculus on T$M associated to a spray within the Frolicher-Nijenhuis formalism. 

We consider F a Finsler function that metricizes the spray S. It follows that S is 
the unique solution of the equation C$djF 2 — dF 2 . Therefore, the corresponding 
Helmholtz conditions are satisfied. One of these Hclmholtz conditions involves 
the Jacobi endomorphism and can be expressed using the semi-basic 1-form 
9 = djF 2 as follows, see Thm. 4.1.], 

(4.3) — dq,9 = djij^ a ®c6 = RdjO — d a ^c9 = —a A Cc& = —a A 6. 

In the above formula we used djO = d 2 F 2 — 0, since d 2 = = 0, and £c& = 0, 
since 9 is a I-homogeneous 1-form. Helmholtz condition (|4.3|) implies a A djF 2 = 
and hence there exists a function n S C°°(TqM) such that a = ndjF 2 /2 = nFdjF. 
It follows that R = isa = kF 2 and the Jacobi endomorphism (|2.5I) can be written 
now as in formula (|3.3[) , which shows that the Finsler space (M, F) has scalar flag 
curvature k. 

In order to prove that condition ii) implies condition iii) we make use of the 
differential assumption dja = 0. According to Lemma 12.21 it follows dja = is 
equivalent to 2a — djR. Using the fact that R = kF 2 and 2a — ndjF 2 it follows 

2a = djR = F 2 djK + ndjF 2 = F 2 djK + 2a. 

Above formulae imply that dju = and hence the scalar flag curvature k does not 
depend on the flagpole y. It follows that R(x, y) = X(x)F 2 (x, y), where X(x) = n(x). 
Hence, the Finsler Function F is an Eistein metric that metricizes the spray S. 

In order to prove that condition iii) implies condition iv) we will also make use 
of Schur's Lemma. We know that the spray S is Finsler metrizable by an Einstein 
metric F. Then, there exists a non- vanishing function A 6 C°°{M) such that 
R(x, y) = X(x)F 2 (x, y). Since 5* is isotropic, it follows that its Jacobi endomorphism 
is given by formula 

Now we use the assumption that dja = 0, which by Lemma 12.21 implies that 
2a = djR = XdjF 2 . This implies that the Jacobi endomorphism is given by 
formula (|3.3[) . where n(x) = X(x) is the scalar flag curvature. Since dimM > 3, we 
use Schur's Lemma and obtain that k is a non-zero constant. This implies that the 
spray S is metrizable by the Finsler function F of constant flag curvature. 
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The implication iv) => v) is straightforward. Consider S the geodesic spray of 
Finsler metric F of non-zero constant flag curvature k. It follows that the Ricci 
scalar is given by R = kF 2 , where k is a constant. Therefore, d^R = nd^F 2 = 
since duF 2 — 0. 

For the last implication v) =>■ i), we use the first implication of Theorem 14.11 
Since S is isotropic and satisfies dja = it follows that the Jacobi endomorphism 
<I> satisfies equation D\) in (|4.1j) . The fact that S is Ricci constant means that $ 
satisfies also equation D 2 ) in (|4.1I) . By Theorem 14. II we obtain that the spray S is 
Finsler metrizable. 

To conclude the proof, we have to show that if a spray S satisfies one of the five 
equivalent conditions of the theorem, then necessarily S is isotropic, satisfies the 
algebraic condition A), as well as the condition dja = 0. We assume that condition 
iv) is satisfied and hence the spray S is Finsler metrizable by a Finsler metric F 
of non-zero constant curvature n. It follows that its Jacobi endomorphism is given 
by formula (13.3[) and hence a — nFdjF — ndjF 2 . Since F is a Finsler function 
we obtain that 1a.nk.ddjF 2 — 2n and hence the algebraic condition A) is satisfied. 
The condition dja = is also satisfied. □ 

If a Finsler function is reducible to a Riemannian metric, and S is its isotropic 
geodesic spray, it follows that a = ndjF 2 , where djK — 0, and hence we always have 
dja = 0. This shows that the equivalence of conditions i), ii) and iv) of Theorem 
14.21 generalize to the Finslerian context the equivalence of the three conditions of 
Remark 13.41 

For Theorem 14.21 the condition dimM > 3 was very important, since it allowed 
us to use the Finslerian version of Schur's Lemma. 

4.3. dim M—2. In this subsection we pay attention to the Finsler metrizability 
problem on 2-dimensional manifolds. It is known that any spray on a 2-dimensional 
manifold is isotropic. This result allows us to simplify the two conditions (|4.1|) of 
Theorem 14.11 



Theorem 4.3. Consider S a spray of non-vanishing Ricci curvature that satisfies 
the algebraic condition A), for n = 2. 

i) The spray S is isotropic, which means that its Jacobi endomorphism is 
given by formula (|2.5p . where the semi-basic I- form a = aidx 1 has the 
components 

(4.4) ax = -f = — 5^, a 2 = = 

y y y y 

ii) The spray S is metrizable by a Finsler function of non-zero constant cur- 
vature if and only it satisfies the following two conditions 

(4.5) dja = 0, d h R = 0. 

Proof, i) Due to the homogeneity conditions of the spray we have that <k(S) = 
and by formula (|2.2[) we obtain R^y-* =0. It follows that $ can be written as in 
formula (|2.5[) . where R = R\ + R 2 and the semi-basic 1-form a = aidx 1 has the 
components (|4.4[) . 

Since any spray S is isotropic we have that the Jacobi endomorphism $ satisfies 
equation D\) in (14.11) if and only if it satisfies first equation in (|4.5I) . This part is 
then a consequence of Theorem 14.11 □ 
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dR 


and 2o?2 


dR 






dy 1 




dy 2 


~) 


d 


dGi d 


dx* ) 


dx l 


dy 1 dy- 



The first part of Theorem 14.31 coincides with Lemma 8.1 .10 in [21] and formulae 
(|4~4| coincide with formulae (8.37) and (8.38) in [21"] . 
The two conditions (|4.5|) can be written as follows 

dai do.? 

(4.6) dja = 2a = djR O = <S> 2 

ay ay 

5R 6R ,6 
d h R = — r = -— = 0, where — = 
ox 1 ox z ox 1 

We will use the above conditions in the next section to test whether or not sprays on 
a 2-dimensional manifold are metrizable by Finsler functions of constant curvature. 

5. Examples 

In this section we provide examples to show the consistency of the conditions we 
discussed so far. 

5.1. The case dja = 0. It is well known that the class of isotropic sprays is in- 
variant under projective deformations of sprays. We start with a Finsler metrizable 
isotropic spray, Sq, which satisfies the condition dja — 0. We will study projective 
deformations of So, which also satisfy the condition dja = 0. Within this projective 
deformations, we will seek for those which do not preserve the condition of being 
Ricci constant. Using Theorem 14.21 this will lead us to examples of non-Finsler 
metrizable isotropic sprays. 

Let So be the geodesic spray of a Finsler function Fo, which has constant flag 
curvature no- Denote by ho the horizontal projector induced by the spray So and 
Vo the corresponding dynamical covariant derivative. The spray So is isotropic, its 
Jacobi endomorphism is given by 

* = Ko(-FoJ--FodjF ®C). 
Consider the projectively equivalent spray S = So — 2PC, where P e C°°{ToM) 
is a 1-homogeneous function. According to formulae (4.8) in [8j Prop. 4.4], the 
horizontal projector and the Jacobi endomorphism of the spray S are given by 

h = h -2(PJ + djP®C), 

$ = <Po + (P 2 -S (P))J+(2d ho P-PdjP- V djP)®C. 

The spray S is also isotropic. We will study now when the projective deformations 
preserve the condition dja = 0, where the 1-form a is given by a = KoFodjFo — 
2dh a P + PdjP + WodjP. The 2-form dja has been computed in the proof of 
Proposition 4.4 in [8] and it is given by 

(5.1) dja = 3djd ho P = -3d ho djP. 

Therefore dja = if and only if dh P = djg, for some function g £ C°° (ToM). 
For g — P 2 /2 the function P is called a Funk function, see [211 Def. 12.1.4]. It has 
been shown in Prop. 12.1.3] that projective deformations by a Funk function 
preserve the Jacobi endomorphism. 

In order to simplify some of the calculations we assume that the function P 
satisfies dh P = and hence dja — 0. It follows that So(P) = and using the 
commutation formula (4.11) in [8] we have VodjP — djVoP—dh P = 0. Therefore, 
the Jacobi endomorphism $ of the spray S is given by 

(5.2) $ - (k F 2 + P 2 )J - { Ko F djF + PdjP) ® C. 
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It follows that the Ricci scalar is given by 

R = n a F 2 +P 2 . 

We check now the last condition of Theorem 14.21 Using the assumption that 
dh P = it follows that dh R — and hence we have 

(5.3) d h R = -2dpj +djP(SC R = -2(PdjR + 2RdjP). 

We can choose a function P such that dhR ^ 0, which means that the spray S is 
not Ricci constant. According to Theorem 14. 2 1 the spray S is not Finsler metrizable. 
Indeed, we can take P — XFq, where A is a constant. If we replace this in formula 
(|5.3p . we obtain 

(5.4) d h R = -4A(k + X 2 )djF 2 . 

In this case we have that the spray S is Ricci constant, and hence it is Finsler 
metrizable, if and only if either A = or A 2 + k — 0. See also Theorem 5.1 in [5]. 
When the spray Sq is projectively flat, we can view this as an alternative proof of 
Theorem 1.2 in [23]. 

5.2. The case dja ^ 0. We present now an example of a Finsler metrizable, 
isotropic spray, which does not satisfy the condition dja = 0. This also shows that 
the assumption dja — 0, which we made in Theorem 14.21 is the best assumption 
we could consider in order to have the equivalence of the five conditions. 

We will use the following Randers metric studied by Shen, see Example 11.2 
in [2D] • Consider a domain M C K", where A(x) = l-|a| 2 |a;| 4 >0. Denote by 
P{x, y) = 2 < a, x X x,y > -\x\ 2 <a,y>. The Finsler function F : M xR™ ->■ M, 
given by 

P , v _ Vf3 2 {x,y) + A(x)\y\ 2 +f3(x,y) 

has scalar flag curvature given by 

K(x,y) = 3 <a, Jf > +3< a,x> 2 -2|a| 2 |a;| 2 . 
r 

The geodesic spray S of the Finsler function F is isotropic and the 1-form a in 
formula (|2.5p is given by a = nFdjF and hence 

dja = Fdjn A djF. 

The scalar flag curvature n is 0-homogeneous and therefore = <C(k) = isdjK. 
Moreover the flag curvature k depends on the flagpole y, which means that djK =/= 0. 
Therefore, 

isdja = FigdjudjF — FigdjFdjn = —F 2 djK ^ 0, 

and this implies that dja ^ 0. Therefore, the spray S is Finsler metrizable and 
isotropic. However, the five conditions in Theorem 14.21 are not equivalent and this 
is due to the fact that dja ^ 0. 

5.3. Two-dimensional examples. We consider now some examples of sprays on a 
two-dimensional manifold and use the conditions (|4.5p to test if they are metrizable 
by a Finsler function of constant curvature. 
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5.3.1. The Poincare model and the Finslerian Poincare disk. Consider the geodesic 
equations of the Poincare half plane M = {(a: 1 ,^ 2 ) € R 2 ,x 2 > 0}: 

d 2 x 1 2 dx 1 dx 2 

= 0, 



dt 2 x 2 dt 



dt 2 




= 0. 



The above system of second order ordinary differential equations determines a spray 
S 6 X(TM). For this spray S, the local components (|2.2[) of the Jacobi endomor- 
phism are given by 

pi = -^L pi = p 2 = iV p 2 = fa 2 ) 2 

1 (x 2 ) 2 ' 2 1 (x 2 ) 2 ' 2 (x 2 ) 2 ' 

According to first part of Theorem 14. 31 it follows that the spray S is isotropic, with 
the two components of the semi-basic 1-form a given by formula (|4.4p : 

R 2 _ y 1 _R\_ y 2 



Q'l = — r = - , 9N9 , «2 



y 1 (a; 2 ) 2 ' 4 y 2 (x 2 ) 2 ' 

It is very easy to check that dja = and hence the first condition (j4.5[) is satisfied. 
The Ricci scalar of the spray is given by 

(5.5) r = r\ + r 2 = -j^iiy 1 ? + (y 2 ) 2 }- 



It follows that dhR = and hence the second condition (|4.5[) is satisfied. By the 
second part of Theorem 14.31 we obtain that S is metrizable by a Finsler function of 
constant negative sectional curvature. From formula (|5.5|) it follows that, up to a 
multiplicative constant, the Finsler function F is given by 

1 



The above Finsler function is reducible to a Riemannian metric, which we can 
recognize to be the Poincare metric of the upper half plane. 

Although the previous example is Riemannian, one can modify it to obtain a 
Finslerian one. Consider the disk M = {(x 1 , x 2 ) G R 2 , (x 1 ) 2 + (x 2 ) 2 < 4} with the 
following Finsler function F : TM — > [0, +oo), known as the Finslerian Poincare 
disk [1[S], 

F = ^(y 1 ) 2 + (y 2 ) 2 , 16 _ xl y 2 + 



(4-r 2 )(4 + r 2 )' 



where r 2 — (x 1 ) 2 + (x 2 ) 2 . In the first term of the right hand side of the above 
formula we can recognize the Poincare metric on the disk M. The above Finsler 
function has constant flag curvature k = —1/4, and its geodesic spray satisfies all 
the assumptions of Theorem 14.31 



5.3.2. Non-constant Ricci scalar. We consider an example proposed by Bao and 
Robles in [5] of a two-dimensional spray, which is metrizable by a Finsler function 
of non-constant Ricci scalar. For this example, the first condition (|4.5|) is satisfied, 
but the second condition (14.51) it is not. 
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Consider the portion of the elliptic paraboloid M = {(a; 1 , a; , x 3 ) € M. 3 ,x 3 — 
(x 1 ) 2 + (x 2 ) 2 , {x 1 ) 2 + {x 2 ) 2 < 1}. We denote A(x 1 ,^ 1 ) = 1 - (x 1 ) 2 - {x 2 ) 2 > 0. 
The Randers metric F : TM — > [0, +oo), F = a + f3, where 

J(x l y 2 - x 2 y 1 ) 2 + ((1 + 4(x 1 ) 2 )(y 1 ) 2 + 8x 1 x 2 y 1 y 2 + (1 + A(x 2 ) 2 )(y 2 ) 2 ) A 
a = — 



A 



9 1 12 

_ x z y 1 - ary 
P ~ A{x\x 2 ) ' 
has scalar flag curvature 



k{x 1 , x 2 ) 



{l + Aix 1 ) 2 +A(x 2 ) 2 ) 2 ' 

Let S be the geodesic spray of the Finsler function F and h the horizontal projector. 
It follows that S is isotropic, its Jacobi endomorphism is given by formula (|2.5|) . 
where 

R = kF 2 , a — nFdjF. 

For the two-dimensional spray S, we check now the conditions of the Theorem 14.31 
The Ricci scalar R does no vanish in TqM . Since djK = it follows that dja = 
and hence first condition (|4.5|) is satisfied. However, since dun ^ and dhF = it 
follows that dhR ^ 0, which shows that the spray S is not Ricci constant, which 
means that second condition (14.51) is not satisfied. 



5.4. The non-vanishing condition of the Ricci curvature. In this subsection 
we discuss the non-vanishing condition of the Ricci curvature, which we assumed 
in our results. We will explain that although the Ricci curvature might vanish, if 
it is not identically zero, then the conditions of metrizability in Theorems 14.11 14.21 
and 14.31 are still necessary and sufficient, but the metrizability to consider has to 
be with respect to a conic pseudo-Finsler function, as defined in [T2"] , 

Consider the following affine spray on some open domain M C R 2 , which is 
Example 8.2.4 from [21]: 



For this spray S, the local components (12.2[) of the Jacobi endomorphism are given 

by 

R\ = -4> x ,y x y 2 , R\=4> x .(y l f, R 2 =^{y 2 ) 2 , R 2 = -^y x y 2 . 

The spray S is isotropic and the two components of the semi-basic 1-form a are 
given by formula (14.41) : 

-^1 / 2 i 1 

a x = -y = -ip x iy , a 2 = ~y = -<Px*y ■ 

y v 



In view of the local formulae (|4.6p . the condition dja = is satisfied if and only if 

— — i = tttj which is equivalent to: ip x i — 4> x 2. 
ay 2 - oy L 

Next, we assume that the above condition is satisfied. Within this assumption, it 
follows that the Ricci scalar is given by 

R = + ipxi) = -2y 1 y 2 ;E 2 = -2y 1 y 2 ip x i. 
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To test the second condition (|4.5|) . we use the local expression (|4.6|) : 
5R SR 

^7 = 2yV (<Me 2 - </> x i x 2), — = 2y 1 y 2 (ipip x i - i/Vx 2 ) 

For functions <f>, ip G C°°(M) consider the following system of partial differential 
equations: 

(5.6) <j) x 2 = 1p x l, (f> x l x 2 - (f><f) x 2 = 0, 1p x l x 2 - tpl/j x l = 0. 

For example on M — {(x 1 , x 2 ) £ R 2 , x 1 + x 2 > 0} we can consider the functions 

(5.7) cf>(x\x 2 )=Tp(x\x 2 ) = -^- 1[ , 

x + x 

which satisfy the above system of partial differential equations. For this choice of 
functions, the spray 

s = i d | y2 d | 2(^) 2 d | 2(y 2 ) 2 d 
dx 1 dx 2 x 1 + x 2 dy 1 x 1 + x 2 dy 2 

satisfies the two conditions (|4.5[) of Theorem 14.31 Since the Ricci curvature of the 
spray S is given by 

4yV 

it follows that the spray S is metrizable by a conic pseudo-Finsler function, see |12j , 
F : A = {(x 1 ^ 2 ^ 1 ^ 2 ) G TM,y 1 y 2 > 0} C TM [0,+oo), where 

_ 4?/y 

^^'W- (3.1+3.2)2' 

has constant sectional curvature K = — 1. 
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